Abstract. We reformulate notions from the theory of quasi-Poisson g-manifolds in terms of graded Poisson geometry and graded Poisson-Lie groups and prove that quasi-Poisson g-manifolds integrate to quasi-Hamiltonian g-groupoids.
Introduction
Let G denote a Lie group whose Lie algebra g is equipped with an invariant inner product. Quasi-Hamiltonian G-manifolds were introduced in [4] , where they were shown to be equivalent to the theory of infinite dimensional Hamiltonian loop group spaces. In particular, they were used to simplify the study of the symplectic structure on the moduli space of flat connections by using finite dimensional techniques. In [2] , the more general quasi-Poisson g-manifolds were introduced. These notions were further generalized and studied in subsequent papers [1, 3, [10] [11] [12] [13] [14] 41, 42, 64] (to cite a few).
The main objective of this paper is to prove that the following three facts hold for an arbitrary quasi-Poisson g-manifold, M : qP-1 T * M inherits a Lie algebroid structure. qP-2 Each leaf of the corresponding foliation of M inherits a quasi-symplectic g-structure. qP-3 If the Lie algebroid T * M integrates to a Lie groupoid Γ ⇒ M , then Γ inherits a quasi-Hamiltonian g-structure. Moreover, the source map s : Γ → M is a quasi-Poisson morphism, while the target map t : Γ → M is anti-quasi-Poisson.
Besides completing the theory of quasi-Poisson manifolds, our result can provide a new angle towards integrating certain Poisson structures. In addition to this, it has applications towards the integration of certain Courant algebroids. We plan to explore these consequences in forthcoming papers.
The methods we use to prove the results (qP-1,2, and 3) are of independent interest. We reformulate notions from the theory of quasi-Poisson g-manifolds in terms of graded Poisson geometry and graded Poisson-Lie groups. Then we prove the results (qP-1,2, and 3) using well known theorems established for Poisson manifolds and Poisson Lie groups. In particular, we prove (qP-3) by interpreting structures in terms of Lie algebroid/groupoid morphisms, as was done in [9, 33, 40, 41] . As a result, we are able to avoid infinite dimensional path spaces. We hope our approach will provide the reader with a fresh and insightful perspective on the theory of quasi-Poisson g-manifolds.
The methods we use to derive the results (qP 1,2 and 3) are an application of the more general theory of MP-groupoids. We use the latter half of our paper to describe the theory of MP-groupoids. MP-groupoids are a reinterpretation of multiplicative Manin pairs [40] in terms of graded Poisson geometry [14, 48] . In this portion of the paper, we also describe the link between our approach to quasiPoisson g-manifolds and the standard approach in terms of Dirac morphisms and multiplicative Manin pairs [1, 10, 13, 14, 40] .
Overview. Our paper is organized as follows. In § 1, we briefly summarize some background material and introduce our main result, the integration of quasi-Poisson g-manifolds. In § 2, we provide a new perspective on the theory of quasi-Poisson gmanifolds using the theory graded Poisson geometry and graded Poisson-Lie groups. We then use this new perspective to prove the results from § 1. Next, in § 3, we provide some detailed examples of the integration of quasi-Poisson g-manifolds.
The remainder of the paper is spent relating our approach to the theory of Manin pairs. In § 4 we review the definitions of Courant algebroids, Manin pairs, their morphisms and the category of multiplicative Manin pairs. Following this, in § 5 we recall the relationship between the categories of Manin pairs and graded Poisson manifolds. Using this relationship, we introduce the infinitesimal notion corresponding to a multiplicative Manin pair. We apply these concepts in § 6 to relate the content of § 2 to the theory of Manin pairs.
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Background and statement of results
In this section we want to recall the theory of quasi-Poisson g-manifolds. To provide some intuition and motivate the definitions, we will develop both the theory of quasi-Poisson g-manifolds and the theory of Poisson manifolds in parallel. We will describe the Poisson case in a series of remarks.
In § 2 we will use a graded version of the theory of Poisson manifolds and Lie bialgebra actions to prove some results about quasi-Poisson g-manifolds. In particular, for § 2 we will require some understanding of quasi-triangular Lie bialgebras. We intend to summarize this background material in this section.
Quasi-Poisson g-manifolds.
Let g be a Lie algebra with a chosen ad-invariant element s ∈ S 2 g. Define s : g * → g by β(s (α)) = s(α, β) for α, β ∈ g * . Let φ ∈ ∧ 3 g be given by φ(α, β, γ) = 1 2 α([s β, s γ]) (α, β, γ ∈ g * ). Example 1. Suppose that ρ is an action of g on M . For x ∈ M let g x = ker(ρ x ) be the stabilizer at the point x, and g ⊥ x ⊂ g * be its annihilator. Then ρ(φ) = 0 if s (g ⊥ x ) ⊂ g x , in which case we say the stabilizers are coisotropic (with respect to s). In this case, the triple (M, ρ, 0) is a quasi-Poisson g-manifold.
Remark 1 (Poisson Parallel). We now recall the related notion in Poisson geometry.
Let h be a Lie bialgebra with cobracket δ :
• N is a h-manifold,
• ρ : M × h → T N is the anchor map for the action Lie algebroid, and
for every ξ ∈ h, which we view as a constant section of M × h. If H denotes the Poisson-Lie group corresponding to the Lie bialgebra h, and if ρ can be integrated to an action of H on N (or we work with local actions), the action H × N → N becomes a Poisson map [30, 31] . When h = 0, then we may refer to a Poisson h-manifold (N, ρ = 0, π) as a Poisson manifold (N, π).
Remark 2. Recall that the Lie bracket on g extends to a Gerstenhaber bracket on g. Suppose there is an element u ∈ 2 g such that [u, u] = −φ. Then g becomes a Lie bialgebra with cobracket δ : ξ → [u, ξ]. Lie bialgebras of this type are called quasi-triangular [7, 24] and the combination r = s + u ∈ g ⊗ g is called a classical r-matrix.
In this case, quasi-Poisson g-manifolds and Poisson g-manifolds are equivalent via a "twist" by u, as shown in [2] . To recall the details, if (M, ρ, π) is a quasiPoisson g-manifold then π = π + ρ(u) satisfies [π , π ] = 0, i.e. π is a Poisson structure. Moreover the action of g via ρ becomes an action of the Lie bialgebra g on the Poisson manifold (M, π ).
Note that in § 2 we will use a graded version of this equivalence.
For simplicity, we shall restrict from now on to the case where s is non-degenerate. We shall identify g with g * via s, and let ·, · denote the corresponding ad-invariant inner-product on g. Such a Lie algebra is called quadratic. Let e i and e i denote two bases of g dual with respect to ·, · .
Remark 3. Suppose (M, ρ, 0) is as in Example 1, s is non-degenerate, and g = f ⊕ h where f and h are Lagrangian subalgebras. We can choose bases {f i } of f and {h i } of h such that f i , h i = 1 and f i , h j = 0 for i = j. Then with u := i f i ∧ h i , r = s + u ∈ g ⊗ g is a classical r-matrix. As in Remark 2, π := π + ρ(u) defines a Poisson structure on M .
The Poisson structure π was constructed in [28] via a Courant algebroid structure on M × g. The approach via quasi-Poisson g-manifolds appears to be more direct.
Recall that Lie algebroid structure on a vector bundle A → M is equivalent to a differential on the algebra Γ(∧ * A * ) [15, 53] .
Furthermore, the induced action of g on T * M preserves the Lie algebroid structure. Let pr g : M × g → g be the projection to the second factor, and ρ * :
This can be proven by a direct calculation: the two parts of d T * M commute with each other and their squares cancel each other. We give a conceptual proof of the theorem in § 2.3.
The corresponding Lie bracket on 1-forms α,
is the Koszul bracket (here β(π (α)) = π(α, β)). The anchor map, a :
We call a quasi-Poisson g-manifold integrable if the Lie algebroid structure on the cotangent bundle is integrable to a Lie groupoid.
Remark 4 (Poisson Parallel). If (N, π) is a Poisson manifold, there is a Lie algebroid structure on T * N whose corresponding Lie algebroid differential d T * N :
In this case, the anchor map a :
and the bracket is given by (4) . If a Lie bialgebra h acts on N , then µ ρ := pr h * •ρ * : T * N → h * is a Lie algebroid morphism, where pr h * : M × h * → h * is the projection to the second factor and ρ * : T * M → M × h * is the transpose of ρ.
Remark 5. It was shown in [10] that whenever (M, ρ, π) is a quasi-Poisson gmanifold, there is a Lie algebroid structure on A = T * M ⊕ g. The Lie algebroid T * M described in Theorem 1 is embedded as a subalgebroid of T * M ⊕ g by the map α → α + ρ * (α). The following was pointed out by a referee: Suppose that (M, ρ, π) also possesses a moment map Φ : M → G (see Definition 3) . Let θ denote the (left) Maurer-Cartan form on G, and let η = a Φ * η-twisted Dirac structure L ⊂ T M ⊕ T * M associated to the quasi-Poisson g-structure on M . In [10, Proposition 3.19] they describe a map
which restricts to T * M ∼ = Gr ρ * ⊂ A to define an isomorphism of Lie algebroids
In particular, [10] shows that in the presence of a moment map the Lie algebroid described in Theorem 1 can be viewed as a Φ * η-twisted Dirac structure.
Remark 6. The foliation of the quasi-Poisson g-manifold (M, ρ, π) given by the Lie algebroid T * M is different from the foliation given in [2, 3, 10] . The latter foliation is tangent to ρ x (g) + π x T * x M at any point x ∈ M ; in particular, the leaves contain the g-orbits. This is not the case for the foliation given by the Lie algebroid T * M ; for instance, if as in Example 1, (M, ρ, 0) is a quasi-Poisson g-manifold, the anchor map a : T * M → T M is trivial (ρ x •ρ * x = 0 for any point x ∈ M , since the stabilizers of ρ are coisotropic), while the g-orbits may not be.
On the other hand, as we shall see below, for a Hamiltonian quasi-Poisson gmanifold these two foliations coincide.
Definition 2.
A quasi-symplectic g-manifold is a quasi-Poisson g-manifold (M, π, ρ) such that the anchor map (5) is bijective. 
Hamiltonian quasi-Poisson g-manifolds.
There is a concept of a group valued moment map for quasi-Poisson g-manifolds [2, 3] . Let G be a Lie group with Lie algebra g. For any ξ ∈ g let ξ L , ξ R ∈ Γ(T G) denote the corresponding left and right invariant vector fields. Let θ L , θ R ∈ Ω 1 (G, g) denote the left and right Maurer Cartan forms on G defined by
• Φ is g-equivariant, and
where the vector bundle map b : G × g → T G is given by
Under these conditions, we call the quadruple (M, ρ, π, Φ) a Hamiltonian quasiPoisson g-manifold, or a Hamiltonian quasi-Poisson g-structure on M . 
is a morphism of Lie algebras such that a • i = ρ.
Again this can be proved by a direct calculation, and we give a conceptual proof in § 2.4.
Remark 8 (Poisson Parallel). In § 2, we will need the corresponding notion of group valued moment maps for Poisson geometry [30] , summarized as follows.
Let again h be a Lie bialgebra, and let H * denote the 1-connected Poisson Lie group integrating h * . Recall [30] that a Poisson map Φ : N → H * gives rise to a morphism of Lie algebras
where ξ L is the left-invariant 1-form on H * equal to ξ at the group unit. The morphism i then in turn produces an action ρ of h on N via the anchor map on T * N , i.e. ρ(ξ) = π (i(ξ)). The map Φ is automatically h-equivariant, where the so-called dressing action of h on H * comes from the identity moment map H * → H * . Φ is called a moment map for the action ρ.
Remark 9. When s ∈ (S 2 g) g is not assumed to be non-degenerate, one can proceed as follows. The element s is equivalent to a triple (d, g, g ), where
• d is a quadratic Lie algebra,
, and the restriction to g of the inner product on d is s (where we identify g with g * via the inner product in d).
Moment maps then have value in a group G integrating g .
On the other hand, by Theorem 2 we have a • i = ρ. Hence,
and
It follows from Theorem 3 that a quasi-Hamiltonian g-manifold is equivalent to a Hamiltonian quasi-symplectic g-manifold. We will use the latter term in this paper.
1.3. Fusion. The category of quasi-Poisson g-manifolds, has a braided monoidal structure given by fusion [3] . Let (M, ρ, π) be a quasi-Poisson g ⊕ g-manifold,
and let diag(g) ∼ = g denote the diagonal subalgebra of g ⊕ g. The quasi-Poisson g-manifold
is called the fusion product, and denoted
The fusion product of two quasi-Poisson g-manifolds is defined similarly, one just ignores the moment maps.
The monoidal category of Hamiltonian quasi-Poisson G-manifolds is braided [3] : if (M i , ρ i , π i , Φ i ) are two Hamiltonian quasi-Poisson G-manifolds, the corresponding isomorphism between fusion products
To provide an alternate explanation for this monoidal structure in § 2, we will need to understand the story for Poisson manifolds.
(the latter arrow is the product in H * ) to get a Poisson map M × N → H * . The category of those Poisson manifolds with a Poisson map to H * is thus monoidal (but not necessarily braided). Notice, that unlike the case of quasi-Poisson manifolds, the resulting action of h on M × N is not just the diagonal action -it is twisted by the moment map on M . On the other hand, the Poisson bivector is simply the sum π M1 + π M2 .
If (M 1 , π 1 ) and (M 2 , π 2 ) are Poisson manifolds, then the Lie algebroid structure on
is the direct sum of the Lie algebroids T * M 1 and T * M 2 .
For quasi-Poisson g-manifolds, one may ask how the Lie algebroids
so that the obvious isomorphism of vector spaces
is not an isomorphism of Lie algebroids. However, for Hamiltonian quasi-Poisson manifolds, there is a non-standard isomorphism 
. Then J is a isomorphism of Lie algebroids. Moreover, J is a natural transformation which makes the functor M → T * M (from the category of Hamiltonian quasi-Poisson g-manifolds to the category of Lie algebroids and comorphisms) strongly monoidal.
The proof is in § 2.6, but it requires a deeper understanding of the relationship between the monoidal structures for the categories of quasi-triangular Poisson manifolds and quasi-Poisson g-manifolds, which we shall now recall.
Let h be a quasi-triangular Lie-bialgebra. 
to be the Poisson H-manifold with bivector π given by twisting π as in in Remark 2, the same H-action, and the same moment map
Then as shown in [2, 11, 14, 42] , the functor Remark 12. This equivalence can be understood more intrinsically. What is significant is that there is a natural Dirac structure living over D/G,
(see Example 7 for more details). It was shown in [11, 14, 42] 
is the intrinsic data underlying both (M, ρ, π, Φ) and (M, ρ, π , Φ). Indeed, the action ρ is specified by the morphism of Manin pairs, and the bivectors π and π arise from choosing two different Lagrangian complements to g in d [2, 42] .
Remark 13. As shown by A. Weinstein and P. Xu [62] , when the Lie-bialgebra h is quasi-triangular, the category of Poisson H-manifolds with H * -valued moment maps is braided monoidal. In fact, F h is a strong monoidal functor with the natural transformation given by
* is the moment map for M 1 and j : H * → H is the map specified by the condition g j(g) ∈ H for every g ∈ H * .
(To define j : H * → H, we used the fact that the maps H * → D/H and H → D/H are bijections.)
We shall need a graded version of this fact in the proof of Proposition 1 in § 2.6.
1.4.
Hamiltonian quasi-Poisson g-groupoids. Let Γ ⇒ M be a groupoid, and let Gr multΓ = {(g, h, g · h)} ⊂ Γ × Γ × Γ denote the graph of the multiplication map. A bivector field π Γ ∈ Γ(∧ 2 T Γ) is said to be multiplicative [41] if Gr multΓ is a coisotropic submanifold of (Γ,
Definition 4. Suppose that Γ ⇒ M is a groupoid, and (Γ, ρ, π Γ , Φ) is a Hamiltonian quasi-Poisson g-manifold. It is called a Hamiltonian quasi-Poisson g-groupoid if
• Φ : Γ → G is a morphism of groupoids, • g acts on Γ by (infinitesimal) groupoid automorphisms, and • Gr multΓ is coisotropic with respect to the bivector field
where ((π Γ + π Γ ) fusion ) 1,2 appears on the first two factors of Γ × Γ × Γ and (π Γ ) 3 appears on the third. We refer to the last condition as π being fusion multiplicative.
A Hamiltonian quasi-symplectic g-groupoid is a Hamiltonian quasi-Poisson ggroupoid such that the anchor map (5) • there is a bivector field
• π Γ is non-degenerate (so that Γ is in fact symplectic).
• π Γ is multiplicative, so that (Γ, π Γ ) is a Poisson groupoid [61] (in fact, a symplectic groupoid). Suppose, in addition, that a Lie bialgebra h acts on N . We can interpret the action as a Lie bialgebroid morphism T * N → h * , which then integrates to a Poisson groupoid morphism Γ → H * (see [63] ).
Main results.
We may now state the first of our main results
Theorem 4.
There is a one-to-one correspondence between source 1-connected Hamiltonian quasi-symplectic g-groupoids (Γ, ρ Γ , π Γ , Φ) and integrable quasi-Poisson g-manifolds (M, ρ, π). Under this correspondence, the Lie algebroid of Γ is T * M and Φ integrates the Lie algebroid morphism µ ρ : T * M → g. Furthermore, the source map s : Γ → M is a quasi-Poisson morphism, while the target map t : Γ → M is anti-quasi-Poisson.
Remark 15. Theorem 4 was already established for the case where the quasi-Poisson g-manifold (M, ρ, π) possess a moment map Φ : M → G. This fact was pointed out to us by a referee, and we explain it in Remark 32 after recalling some background.
Theorem 4 prompts one to ask what a general Hamiltonian quasi-Poisson ggroupoid corresponds to infinitesimally. To answer this, we extend the notion of a quasi-Poisson g-manifold, by replacing the tangent bundle with an arbitrary Lie algebroid.
where M × g is the action Lie algebroid, and • a degree +1 derivation D of the Gerstenhaber algebra Γ( A), such that
• Dρ(ξ) = 0 for any constant section ξΓ(M × g), and
, where we view φ as a constant section of M × g. Let pr g : M × g → g denote the projection to the second factor, and ρ * :
Remark 16. Quasi-Poisson g-bialgebroids are examples of Lie quasi-bialgebroids, a notion introduced in [43, 45] by D. Roytenberg (see also [25] ). A Lie quasibialgebroid is a triple (A, D, χ), where A is a Lie algebroid, D is a degree +1 derivation of the Gerstenhaber algebra Γ(∧A), and χ ∈ Γ(∧ 3 A). They must satisfy the equations
Proposition 2. Let A → M be a Lie algebroid with anchor map a A :
where we view the function f ∈ C ∞ (M ) as an element of Γ(∧ 0 A).
The result is just a special case of [41, Proposition 4.8] , proven for general Lie quasi-bialgebroids.
We refer to (M, a A • ρ, π D ) as the induced quasi-Poisson g-structure.
Remark 17. As a converse to Example 2, suppose that (
Furthermore, the action of g on A * preserves the Lie algebroid structure, and µ ρ : A * → g is a Lie algebroid morphism, where
A proof of this is given in § 2.7.
A quasi-Poisson g-bialgebroid will be called integrable if A * is an integrable Lie algebroid. In particular, (A, ρ, D) may be integrable even if A is not.
We can now state our second theorem.
Theorem 5.
There is a one-to-one correspondence between source 1-connected Hamiltonian quasi-Poisson g-groupoids, (Γ, ρ Γ , π Γ , Φ), and integrable quasi-Poisson g-bialgebroids (A, ρ, D). Under this correspondence, the Lie algebroid of Γ is A * and Φ integrates the Lie algebroid morphism µ ρ : A * → g.
We also have:
We will provide a proof of both theorems in the next section using graded Poisson-Lie groups.
Quasi-Poisson structures and graded Poisson geometry
In this section we make use of graded geometry (super geometry) to prove the results from § 1. Some good references for super geometry are [17, 26, [54] [55] [56] . For the additional structure of graded manifolds one may look at [34, 44, 49, 57] .
be the graded Lie algebra with bracket given by
Here D is the generator of R[−1], and L ξ ∈ g ⊂ĝ and I ξ ∈ g [1] ⊂ĝ denote the elements corresponding to ξ ∈ g. If ρ : g → Γ(T M ) is a morphism of Lie algebras, then the graded Lie algebraĝ acts on the graded algebra Ω(M ) by derivations. D acts by the de Rham differential d, L ξ acts by the Lie derivative L ρ(ξ) , and I ξ acts by the interior product ι ρ(ξ) .
Generally, a graded algebra with a graded action ofĝ by derivations is called a g-differential algebra [22, 36] . Note that, by a graded action, we mean that a degree k element ofĝ acts by a degree k derivation.
Example 3. As a generalization of Ω(M ), suppose A → M is any Lie algebroid, and ρ : g → Γ(A) is any Lie algebra morphism. Then Γ(∧A * ) is a g-differential algebra. The action ofĝ is given as follows
Remark 18. If A → M is any vector bundle, the following are equivalent:
• A → M is a Lie algebroid, and there is a Lie algebra morphism ρ :
We can think of Γ(∧A * ) as the algebra of functions on the graded manifold A [1] , hence another equivalent formulation is
• The graded Lie algebraĝ acts on the graded manifold A[1].
2.2.
The quadratic graded Lie algebra Q(g). Suppose a Lie algebra g possesses an invariant non-degenerate symmetric bilinear form ·, · g . We can associate to g the quadratic graded Lie algebra Q(g), an R[2] central extension ofĝ,
which plays a central role in the theory of quasi-Poisson structures.
As a graded vector space, Q(g) = R[2] ⊕ĝ. Let T denote the generator of R [2] . The central extension is given by the cocycle
Note that (13a) is equivalent to saying the quadratic form is of degree 1.
Remark 19. The Lie algebra Q(g) was first introduced in [5] , where the so called non-commutative Weil algebra was defined as a quotient of the enveloping algebra of Q(g).
Quasi-Poisson g-manifolds revisited. It is easy to check that
) forms a Manin triple [18, 30, 31] . The corresponding Lie bialgebra R[2] ⊕ g [1] integrates to the Poisson Lie group
where multiplication is given by
Since the quadratic form on Q(g) is of degree 1, the Poisson bracket on G small is of degree −1. To describe the Poisson bracket, note that linear functions on g [1] may be identified with elements of g (using the quadratic form). If we let t denote the standard coordinate on R[2] then we see that there is a canonical algebra isomorphism
. Under this isomorphism the Poisson bracket is simply
Here ρ is defined on the generators by ρ (t) = π and ρ (ξ) = ρ(ξ) for any ξ ∈ g.
The standard symplectic form on
, we see that ρ defines a morphism of Poisson algebras
This is equivalent to a Poisson morphism
To describe the action explicitly, recall [30] that the left invariant one forms on G small form a subalgebra of
where ξ i and ξ i refer to coordinates on g [1] induced by the basis vectors e i and e i , respectively. The corresponding vector field on
] is a direct sum) and it is just the natural lift of the action ρ on M (the left-invariant 1-form on G small corresponding to ξ ∈ g is dξ).
The dressing action of D ∈ĝ on G small is given by
where d g is the Lie algebra differential of g. The projection G small → g [1] is thus R[−1]-equivariant, with respect to the R[−1] actions generated by D ∈ĝ and d g , respectively. Since the map f is also R[−1]-equivariant, so is their composition
, i.e. we have a Lie algebroid morphism T * M → g.
The fusion also appears in a natural way from this perspective. A Poisson morphism f :
Since G small is a Poisson Lie group, the multiplication map
where the sub-indices (·) 1 and (·) 2 indicate which factor of G small × G small the coordinates parametrize), the bivector on M is modified by the term f * (
2 ) (note the similarity to (10)). It is easy to check that this is the same quasi-Poisson g-structure on M given by the fusion (11).
2.4.
Hamiltonian quasi-Poisson g-manifolds revisited. Let G be a Lie group with Lie algebra g. Suppose ·, · g is a quadratic form on g. Letḡ denote the quadratic Lie algebra whose quadratic form is ·, · ḡ = − ·, · g . We let d = g ⊕ḡ, and diag(g) ⊂ d denote the diagonal subalgebra. Then
are two Lagrangian subalgebras of the quadratic Lie algebra
The group G big is thus the direct product of G with the Heisenberg group G small described above. As in § 2.3, there is a canonical identification
Using this identification, we may describe the Poisson bracket (of degree −1) on G big by
where f, g ∈ C ∞ (G), ξ, η ∈ g, ξ L and ξ R denote the corresponding left and right invariant vector fields on G and b is given by (7) .
We have
Proof. The proof of Proposition 5 shows that M is a quasi-Poisson g-manifold. The map
and the formulas for the brackets in (17) show that Φ defines a moment map (Definition 3).
As in § 2.3, fusion can be described in terms of composition with the multiplication Poisson morphism mult :
this is precisely equivalent to the explanation given in [1] .
Proof of Theorem 2. A Poisson morphism
For ξ ∈ g, and the corresponding element I ξ ∈ĝ, let us describe this action explicitly.
by contraction with df . It follows that the Hamiltonian vector field generated by a one form α ∈ Ω 1 (M ) acts on Γ(∧ * T M ) by contraction with α.
Let λ I ξ denote the left invariant one form on G big corresponding to I ξ . λ I ξ is just the pullback of ξ, θ L ∈ Ω 1 (G) to G big . Consequently, (I ξ ) acts by contraction with Φ * ξ, θ L , where Φ : M → G given by (18) . For X ∈ Γ(T M ),
where i : g → Ω 1 (M ) is given by (8) . As stated in Remark 18, an action ofĝ on T * [1] M is equivalent to Γ(∧ * T M ) being a g-differential algebra. The proof of Theorem 1 shows that the differential is given by (3) . From this perspective, Theorem 2 is just a special case of Example 3. 
Hamiltonian quasi-Poisson

Proposition 7.
A compatible Hamiltonian quasi-Poisson g-structure on Γ is equivalent to a morphism of Poisson groupoids
Proof. First we introduce some notation. If M is a graded manifold and f ∈ C ∞ (M ), let (f ) i denote the pullback of f to the i th factor of the direct power Under the isomorphism
, η ∈ g defines a function on G big . We notice that the functions
vanish on the graph of the multiplication Gr mult G big ∈ G big × G big × G big . Since F is a groupoid morphism, it follows that the functions
vanish on the graph of the multiplication Gr mult T * [1]Γ . In the first case, this shows that action of g on Γ × Γ × Γ is tangent to the graph of the multiplication. In other words, g acts on Γ by groupoid automorphisms. In the latter case, this shows that the bivector field on Γ is fusion multiplicative.
2.6. The Lie bialgebraĝ is quasi-triangular. Recall that (14) makesĝ into a Lie bialgebra.
Proposition 8. The elementr = i I e i ⊗ L ei ∈ĝ ⊗ĝ is an r-matrix for the graded Lie bialgebraĝ.
Proof. We may view the degree −1 elementr ∈ĝ⊗ĝ as a degree 0 mapr :
Using (14), we identifyĝ * [1] andĝ with the transverse Lagrangian subalgebras
respectively. Then the graph ofr :ĝ * [1] →ĝ is identified with the subspace
Thus Gr(r) is an ideal of the Drinfeld double ofĝ. Equivalentlyr is an r-matrix. 
described in Remark 13. Note that the map j : G big →Ĝ from Remark 13 is just the projection G big → g [1] . Therefore (21) is just the map J described in Proposition 1.
The right hand side of (21) The left hand side of (21) • A is a quasi-Poisson g-bialgebroid.
• There is a Poisson structure of degree −1 on A [1] , and a Lie bialgebra action ofĝ on A [1] .
Proof. Suppose we are given a degree −1 Poisson structure π on A [1] and an action ρ of the Lie bialgebraĝ on A [1] . We need to show that A is a quasi-Poisson gbialgebroid. Recalling Definition 5, we must show that
• We have a Lie algebroid structure on A and a Lie algebra morphism
(This follows directly from Remark 18.)
• There is a degree +1 derivation D of the Gerstenhaber algebra Γ( A), such that -Dρ(ξ) = 0 for any ξ ∈ g, and -D 2 = The actionρ is a Lie bialgebra action on (A[1, 0], π). Therefore, by Proposition 8 and Remark 2,
isĝ-invariant and (A[1, 0],π) is a quasi-Poissonĝ-space:
where c ijk = [e i , e j ], e k are the structure constants of g. We can rewrite it as 
The corresponding Lie algebroid differential is given by (12) . The remaining details in Proposition 3 follow from a similar examination of the proof of Proposition 9. 
while the right hand side is
Since s 0 is g-invariant, it follows that
is a quasi-Poisson morphism. Similarily, one may check that the target map is anti-quasi-Poisson.
Proof of Theorem 4. Let Γ ⇒ M be a Hamiltonian quasi-Poisson g-groupoid.
By Proposition 1 the Lie algebroid T * Γ is multiplicative, where the groupoid structure on T * Γ is the standard one (see Appendix A) precomposed with the map J. In particular, the anchor map a Γ : T * Γ → T Γ is a groupoid morphism. Suppose that Γ is source 1-connected. Let A → M be the quasi-Poisson gbialgebroid corresponding to Γ. Then for any x ∈ M ⊂ Γ we have
Hence a A is an isomorphism if and only if the anchor map a Γ is an isomorphism at points of M . However if a Γ is an isomorphism at points of M , then it must an isomorphism in a neighborhood of M . Since a Γ it is a morphism of source 1-connected groupoids, this is the case if and only if it is an isomorphism everywhere.
By Theorem 3, Γ is a Hamiltonian quasi-symplectic g-space if and only if a Γ is an isomorphism. By Remark 17, A comes from a quasi-Poisson structure on M if and only if a A is an isomorphism. As we just proved, these two conditions are equivalent, i.e. Theorem 4 is proven.
3. Examples 3.1. Quasi-symplectic case. Let (M, ρ, π) be a quasi-Poisson g-manifold such that its anchor a : T * M → T M is bijective, i.e. M is a quasi-symplectic manifold. Since a is an isomorphism of Lie algebroids, the source-1-connected groupoid integrating T * M is the fundamental groupoid Π(M ) of M . Π(M ) is a covering of M × M , and the quasi-Poisson structure on Π(M ) is the lift of the quasi-Poisson structure on (M, π, ρ) (M, −π, ρ).
The Lie algebroid morphism µ ρ : T * M → g gives us (via a) a Lie algebroid morphism T M → g, i.e. a flat g-connection on M . The moment map Π(M ) → G is the parallel transport of this connection.
Suppose (M, ρ, φ) is endowed with a moment map Φ (so that it is a Hamiltonian quasi-symplectic g-manifold). In this case, a Hamiltonian quasi-symplectic groupoid integrating it is just the pair groupoid (M, ρ, π, Φ) (M, ρ, −π, Φ −1 ); to get a source-1-connected groupoid, we just lift the Hamiltonian quasi-symplectic structure to Π(M ). 
Remark 21 (Poisson Parallel
and it is easily seen to be quasi-symplectic. If G is 1-connected, it follows that the pair groupoid
is the source-1-connected Hamiltonian quasi-symplectic g-groupoid integrating (G, ρ, 0); its moment map is given by Φ :
this example is called the double and is denoted D(G).
3.3. The group G. The simplest example of a quasi-Poisson g-bialgebra is g with ρ = id and D = 0. We get that µ ρ : g * → g is the identification of g * with g via the inner product and it is an isomorphism of Lie algebras (more on quasi-Poisson g-bialgebras is in § 7).
The corresponding Hamiltonian quasi-Poisson g-group is G with
Φ = id, and ρ is the conjugation. It appears in [3] as the basic example of a Hamiltonian quasi-Poisson space.
Fused double. Since D(G) is a Hamiltonian quasi-Poisson g ⊕ g-manifold,
it has a fusion (11), which we denote by D(G) [3] . There is a Hamiltonian quasisymplectic groupoid structure on D(G) given as follows. The source and target maps, s, t :
This Hamiltonian quasi-symplectic G-groupoid is called the AMM groupoid in [8, 64] . It integrates the quasi-Poisson group G. is just concatenation of cylinders. These two compositions don't form a double groupoid, rather they commute modulo a Dehn twist of the cylinder.
3.5. Actions with coisotropic stabilizers. Let q ⊂ g be a subalgebra which is coisotropic with respect to the quadratic form, let h = q ⊥ . Suppose that h and q integrate to closed subgroups H, Q ⊂ G. Let G act on the left of G/Q, ρ : g → Γ(T (G/Q)) be the corresponding map of Lie algebras, and (G/Q, ρ , 0) be the quasi-Poisson g-manifold of Example 1. We will be interested in calculating the Hamiltonian quasi-Poisson g-groupoid that (G/Q, ρ , 0) integrates to. Notice that the Lie algebroid T * (G/Q) has vanishing anchor, i.e. it is a bundle of Lie algebras. Consequently, the groupoid is a bundle of groups.
Since G × G acts on D(G) by groupoid morphisms, we have the following morphism of groupoids
is a Hamiltonian quasi-Poisson g-manifold, with moment map the first component of Φ; and it follows that
It is easy to check that
is a subgroupoid of D(G)/({1} × Q) (where diag(Q) ⊂ G × G denotes the diagonal embedding). However, one may also check that X is precisely the leaf of the foliation corresponding to the Lie algebroid T * (D(G)/({1} × Q)) which passes through the set of identity elements. Consequently, since (26) Remark 25. One can notice that the groupoid X ⇒ G/Q is braided-commutative with respect to the braiding on the category of Hamiltonian quasi-symplectic spaces. More generally, braided-commutative Hamiltonian quasi-symplectic groupoids integrate the quasi-Poisson manifolds of the form (M, ρ, 0) where ρ has coisotropic stabilizers. This corresponds to the following fact in Drinfeld's category [19] of modules of g with braided monoidal structure given by a choice of an associator: braided-commutative algebras in this category are g-modules A with a commutative g-equivariant algebra structure A ⊗ A → A, such that i (e i · x)(e i · y) = 0 for every x, y ∈ A. If A = C ∞ (M ), it means exactly that the action of g on M has coisotropic stabilizers.
Thus one can say in this case that C ∞ (M ), with its original product and considered as an object of Drinfeld's category, is the quantization of (M, ρ, 0).
Courant algebroids and Manin pairs
4.1. Definition of a Manin pair. Dirac structures were introduced by CourantWeinstein in [16] (see also [15] ) in order to provide a unified setting in which to study closed 2-forms, Poisson structures, and their corresponding Hamiltonian vector fields. Courant algebroids were introduced by Liu-Weinstein-Xu [29] to provide an abstract setting from which to study Dirac structures. 
for X i ∈ Γ(E). Here a * : T * M → E * ∼ = E is dual to a using the isomorphism given by inner product ·, · . We will often refer to E as a Courant algebroid, the quadruple (E, ·, · , a, ·, · ) being understood.
Note that (E, − ·, · , a, ·, · ) is also a Courant algebroid, which we denote byĒ. A subbundle A ⊂ E of a Courant algebroid is called Lagrangian if A ⊥ = A, and is called a Dirac structure if the space of sections ΓA is closed under the Courant bracket. A Manin Pair is a pair (E, A) , where E is a Courant algebroid, and A ⊂ E is a Dirac structure.
Example 4 (The standard Courant algebroid). Let M be a manifold, η ∈ Ω 3 (M ) be a closed 3-form, and let T η M = T * M ⊕ T M be the pseudo-euclidean vector bundle with the inner product given by the canonical pairing,
and the Courant bracket given by (27) α
for any α, β ∈ Ω * (M ) and X, Y ∈ Γ(T M ). With the anchor a : Example 5 (quadratic Lie algebras). A Courant algebroid over a point is just a quadratic Lie algebra. Let g be a quadratic Lie algebra, d = g ⊕ḡ and diag : g → d be the diagonal embedding. Then (d, diag(g)) is a Manin pair.
Suppose ρ : M × d → T M defines an action of a quadratic Lie algebra on a manifold M with coisotropic stabilizers (see Example 1) . Then as shown in [28] , there is a unique Courant algebroid stucture on M × d such that
• the anchor is ρ,
• the Courant bracket extends the Lie bracket on constant sections, and
• the pseudo-euclidean structure is given by the quadratic form on d.
Example 6 (The Cartan-Dirac structure). Let G be a Lie group integrating a quadratic Lie algebra g. Then the action of d = g ⊕ḡ on G by
has coisotropic stabilizers. Therefore A G := G × d is a Courant algebroid and E G := G×diag(g) is a Dirac structure called the Cartan-Dirac structure [13, 27, 51] . It was introduced independently by Alekseev, Strobl andSevera (see also [1, 28] ). This fact goes back to the unpublished work of the second author [47] , and A. Alekseev and P. Xu [6] . See also [11, 14, 28, 42] .
Morphisms of Manin pairs.
To describe morphisms of Manin Pairs, we first need to recall the notions of generalized Dirac structures and Courant morphisms, both due to the second author [47, 49] (see also [6, 14, 42] ).
Definition 7 (Generalized Dirac structure with support). Let E → M be a Courant algebroid, and S ⊂ M be a submanifold. Let E| S denote the restriction of the pseudo-euclidean vector bundle E to S. A generalized Dirac structure with support on S is a subbundle K ⊂ E| S such that GD-1 K is Lagrangian, namely K ⊥ = K, GD-2 a(K) ⊂ T S, and GD-3 if X i ∈ Γ(E), and 
Here we used A * ∼ = E/A, and
The notion of a Morphism of Manin Pairs was introduced in [14] to study general moment maps. The following example is also found in [14] .
Example 8 (Strong Dirac Morphisms). Let f : M → N be a map between smooth manifolds, let ξ ∈ Ω 3 (M ) and η ∈ Ω 3 (N ) be closed 3-forms, and ω ∈ Ω 2 (M ) a 2-form. Then N, B, η) is a strong Dirac morphism, as in [1] .
is a morphism of Manin pairs if and only if f is a strong Dirac map from A to B, as in [10, 11] .
In order to identify morphisms of Manin Pairs of the form given in Example 8 we introduce the notion of
Definition 10 (Full Morphisms of Manin Pairs). A morphism of Manin pairs
is a full morphism of Manin pairs. Since a : K → T Gr f is surjective, there must be a 2-form ω ∈ Ω 2 (M ) such that K = K (f,ω) . Furthermore, the morphism of Manin pairs must be of the form given in Example 8. So (f, K) simply describes a strong Dirac morphism (f, ω) : (M, A, ξ) → (N, B, η).
4.3.
Multiplicative Manin pairs. We will be interested in Dirac structures living on groupoids which are multiplicative in some sense. Although Poisson Lie groups [18, 30, 31, 46] , Poisson groupoids [33, 61] and symplectic groupoids [37, 60] are examples of such objects, the first comprehensive study of them appears in the papers of Ortiz [39, 40] (see also [9] ), where multiplicative Dirac structures are defined. In this section we show that, when endowed with certain morphisms, multiplicative Dirac structures form subcategory of the category of Manin pairs. This subcategory, called Multiplicative Manin Pairs, should be thought of as the groupoid objects in the category of Manin Pairs.
A Lie groupoid V ⇒ E is called a VB-groupoid, if V and E are also vector bundles over Γ and M respectively, and all the structure maps are smooth vector bundle maps (see Appendix A, Page 35). In this case Γ ⇒ M inherits the structure of a Lie groupoid. We may refer to V → Γ as a VB-groupoid when we want to specify Γ as the base of the vector bundle.
Next we need the concepts of Courant groupoids and multiplicative Dirac structure as given by Mehta [35] and Ortiz [39, 40] .
Definition 11 (Courant groupoid). Let E → Γ be a VB-groupoid such that E is a Courant algebroid, and let K m ⊂Ē ×Ē × E and Gr mΓ ⊂ Γ × Γ × Γ denote the respective graphs of the multiplications for E and Γ. E is called a Courant groupoid if K m is a generalized Dirac structure with support on Gr mΓ . A morphism of Courant groupoids (f, K) : E F is a Courant morphism for which f is a morphism of Lie groupoids and K ⊂ F ×Ē is a Lie subgroupoid.
A multiplicative Dirac structure, is a Dirac structure A ⊂ E which is also a subgroupoid. A multiplicative Manin pair is a pair (E, A) , where E is a Courant groupoid, and A ⊂ E is a multiplicative Dirac structure.
Definition 12 (Morphism of Multiplicative Manin pairs). A morphism of multiplicative Manin pairs
is a morphism of Manin pairs such that (f, K) : E F defines a morphism of Courant groupoids.
The following example is found in [9, 13, 39, 40] .
Example 9. If Γ is any groupoid, then by applying the tangent functor to all the spaces and morphisms T Γ becomes a VB-groupoid. T * Γ is its dual VB-groupoid. Consequently TΓ = T * Γ ⊕ T Γ becomes a VB-groupoid. One can check that it is actually a Courant groupoid.
Examples of multiplicative Manin pairs are (TΓ, T Γ) and (TΓ, T * Γ).
Example 10. Let g be a quadratic Lie algebra, and consider d = g ⊕ḡ together with the pair groupoid structure. (d, diag(g)) is a multiplicative Manin pair.
The following example is found in [1, 10, 28] .
Example 11. The Courant algebroid A G = G×g⊕ḡ (Definition 6) is the direct product of the Lie group G and the pair groupoid g ⊕ḡ; with this groupoid structure, it becomes a Courant groupoid. Clearly the Cartan Dirac structure E G (Definition 6) is a subgroupoid, and so (A G , E G ) is a multiplicative Manin pair.
The infinitesimal version of a multiplicative Dirac structure is studied in [40] (see also [9, 13, 39] ). We will be interested in the infinitesimal version of morphisms of multiplicative Manin pairs. To study this in § 5, we will find it more convenient to use an alternative description of Manin pairs via graded Poisson geometry [14] .
Manin pairs and MP-manifolds
It was shown in [14] that category of Manin pairs is equivalent to the category of MP-manifolds (first introduced in [47] , see also [48, 50] ). Since using the latter category can sometimes bring more geometric insight, we recall the equivalence described in [14] .
, where A is a vector bundle over a manifold M , such that P carries a Poisson structure of degree −1 which is R[2] invariant. We call M the MP-base of P .
There is a natural notion of morphisms for MP-manifolds: Definition 14 (Morphisms of MP-manifolds). Let P → A * [1] and Q → B * [1] be two MP-manifolds, then a morphism of MP-manifolds
is an R [2] equivariant Poisson map. We will often abbreviate morphisms of MPmanifolds as F : P Q.
The Poisson structure on P induces a map π :
If we use F to pull back the cotangent bundle on Q to a bundle over P , then we have a map (28) T (28) is surjective if and only if
is surjective. However the 1-graded part of (29) describes a base-preserving morphism of vector bundles a F :
It is clear that (29) is surjective if and only if a F is surjective, or equivalently
is injective. Note that since a * F is a smooth base preserving morphism of vector bundles, it is injective if and only if it is an immersion.
Theorem 6. The equivalence between the categories of Manin pairs and MPmanifolds described in [14] identifies full morphisms of Manin pairs with full morphisms of MP-manifolds.
Proof. First we recall the functor from the category of MP-manifolds to Manin pairs given in [14] .
In the work of Roytenberg, Vaintrob, Weinstein and the second author [43] [44] [45] 47, 49] , it was shown that a Courant algebroid E is equivalent to a degree 3 function, Θ, on a non-negatively graded degree 2 symplectic manifold, M, such that {Θ, Θ} = 0. In this picture, a Dirac structure with support on a submanifold corresponds to a Lagrangian submanifold of M on which Θ vanishes.
Suppose P is an MP-manifold. The Poisson structure on P corresponds to an R[2]-invariant degree three function, π ∈ C ∞ (T * [2]P ), such that {π, π} = 0. π descends to a degree 3 function, Θ, on
, the symplectic reduction at moment value 1, such that {Θ, Θ} = 0. Thus P defines a Courant algebroid, E. The map M P → A * [1] corresponds to a base-preserving vector bundle morphism (31) E → A * whose kernel is a Dirac structure A ⊂ E. In this way, P defines a Manin pair (E, A).
Suppose that P and Q are MP-manifolds corresponding to the Manin pairs (E, A) and (F, B). Let F : P Q be a morphism of MP-manifolds, and Gr F its graph. Let M and N be the respective MP-bases, and f : M → N denote the restriction of F . The conormal bundle 
, where the Poisson structure comes from the canonical symplectic structure on the cotangent bundle and the trivial one on R [2] , and the R [2] action is the obvious one. It corresponds to the Manin pair (TM, T M ).
5.1.
Multiplicative Manin pairs and MP-groupoids. In this section we introduce the category of MP-groupoids (a subcategory of MP-manifolds) and establish an equivalence between it and the category multiplicative Manin pairs.
Given the notion of a Poisson groupoid [33, 61] , there is a natural notion of MP-groupoids. In more detail, letP be the graded groupoid P with minus the Poisson structure (20) . Let Gr m P ⊂ P × P ×P denote the graph of the multiplication and P 0 ⊂ P the submanifold of identity elements. Then P is a MP-groupoid if Gr m P and P 0 are coisotropic submanifolds, and the action map P × R[2] → P is a groupoid morphism.
A morphism of MP-groupoids is a morphism of MP-manifolds which is also a groupoid morphism.
If an MP-groupoid is actually a (graded) Lie group, we may refer to it as an MP-group.
The following proposition should come as no surprise. First we need a short lemma. Lemma 1. Let E → Γ be a Courant groupoid. A Dirac structure A ⊂ E is multiplicative if and only if there is a VB-groupoid structure on A * → Γ for which the projection p : E → E/A ∼ = A * is a morphism of VB-groupoids.
is a morphism of multiplicative Manin pairs, then the induced map φ K : A * → B * is a morphism of Lie groupoids.
Proof. We recall [32, Proposition 11.2.5] that A * has the structure of a VB-groupoid if and only if A also has the structure of a VB-groupoid (See Appendix A, Page 35 for details). Furthermore the inner product ·, · defines an isomorphism between the VB-groupoids E and E * , where the latter has the structure of the dual VBgroupoid. Using this isomorphism, the projection p : E → A * is dual to the inclusion i : A → E. [32, Proposition 11.2.6] states that if either p or i is a morphism of VB-groupoids, then they both are.
Since
is the graph of φ K : A * → B * . Therefore φ K is a morphism of Lie groupoids.
Sketch of proof of Proposition 10. Let P be an MP-groupoid.
is a symplectic groupoid, and the degree 3 function on M corresponding to the Poisson structure on P is multiplicative. In other words M describes a Courant groupoid E. Furthermore, the map (31) describes a morphism of VB-groupoids. Therefore, by Lemma 1, the Manin pair (E, A) corresponding to P is multiplicative. Similarly, it is easy to check that morphisms of MP-groupoids correspond to morphisms of multiplicative Manin pairs.
MP-algebroids.
We will be interested in studying the infinitesimal counterparts of MP-groupoids. Intuitively, since an MP-groupoid is just a Poisson groupoid (together with some free R[2] action), it must integrate some Lie bialgebroid [33] (and since the R [2] action is given by a groupoid morphism, it must integrate a Lie algebroid morphism). This intuition should motivate the following definition.
Definition 17 (MP-algebroid). An MP-algebroid is a graded Lie algebroid P , such that P is also an MP-manifold, and MPA-1 the Poisson structure on P is linear, defining a Lie algebroid structure on P * (see [53] ), MPA-2 the Lie algebroid structures on P and P * are compatible, so that P is a Lie bialgebroid (see [33, [57] [58] [59] ), and MPA-3 the action map P × R[2] → P is a Lie algebroid morphism, where R[2] is viewed as a trivial Lie algebra. We call P integrable if it is integrable as a Lie algebroid, and if P is actually a Lie algebra (rather than just a Lie algebroid), we may call it an MP-algebra.
Morphisms of MP-algebroids are morphisms of Lie algebroids which are also morphisms of MP-manifolds.
Proposition 11. The category of integrable MP-algebroids is equivalent to the category of source 1-connected MP-groupoids.
Proof. The proofs in Mackenzie-Xu [33] , where the cotangent bundle has the canonical Poisson structure and R [2] has the trivial one. This MP-groupoid corresponds to the multiplicative Manin pair (TΓ, T Γ).
Theorem 7. Let P and Q be MP-algebroids integrating to MP-groupoids Γ P and Γ Q . A morphism of MP-groupoids F : Γ P Γ Q is full if and only if the corresponding morphism of MP-algebroids f : P Q is full.
Proof. Let Γ be the MP-base of Γ P and let the Lie algebroid of Γ be denoted by A. Clearly A is the MP-base of P . F is full if and only if the morphism (30) is an injective immersion. Meanwhile f is full if and only if
So f is full if and only if (32b) describes the inclusion of a subalgebroid, while F is full if and only if (32a) describes the inclusion of a subgroupoid. However (32a) integrates the Lie algebroid morphism (32b). Consequently, if F is full, then so is f . On the other hand, if f is full, then (32a) is an immersion (by [38, § 3.2]), and consequently F is full (by Remark 27).
MP groups.
We can now give a description of MP Lie groups in terms of generalized Manin triples. This description is a generalization of the usual description of Lie bialgebras and Poisson-Lie groups.
Let us remark that an MP group with the base H (where H is a Lie group) is equivalent to a multiplicative Manin pair (E, A) on H such that E/A is a group (not just a groupoid); equivalently, the space of objects of the groupoid E is the fiber of A at 1 ∈ H.
MP groups are the general type of Manin pairs that lead to moment maps admitting a fusion product. If P is an MP group, a P -type moment map is a graded Poisson map T * [1]M → P , and such maps can be multiplied via the product in P . Our generalized Manin triples are (f, h, k), where f is a Lie algebra with a chosen ad-invariant element s of S 2 f and h, k are its subalgebras such that f = h ⊕ k as a vector space and k is s-coisotropic. As we shall see, this data is equivalent to a MP group with the base H, the 1-connected group integrating h.
Let us consider the graded Lie algebra
with the Lie bracket given by (α, β ∈ f A generalized Manin triple (f, h, k) then gives rise to a pair of transverse Lagrangian subalgebras of Q s (f)
i.e. to a graded Lie bialgebra (with cobracket of degree −1). Proof. MP groups with base H correspond to graded Lie bialgebras (with cobracket δ of degree −1) of the form
⊕ h (where V is some vector space), such that the generator T of R [2] is central and δ(T ) = 0. One can easily check that these are exactly the Lie bialgebras coming from triples (f, h, k).
The Courant algebroid corresponding to the MP-group is transitive if and only if the identity morphism of Manin pairs is full. By Theorem 7 this is equivalent to the identity morphism of MP-algebras being full. That is to say s
For dimensional reasons, the Courant algebroid corresponding to the MP-group is exact if and only if s | k ⊥ : k ⊥ → k is an isomorphism; this means that s is non-degenerate and k ⊂ f is Lagrangian.
Remark 28. When the Courant algebroid is exact and moreover the projection of s to S 2 h is non-degenerate, the corresponding Manin pair on H was used in [23] as a boundary condition for the WZW model on the group H. On the other hand, any cobracket δ of degree −1 onk makingk to a Lie bialgebra comes from a triple (f, h, k) with s non-degenerate and h Lagrangian. Example 14. If s is non-degenerate and k ⊂ f is Lagrangian, then one may define an invariant element η ∈ ∧ 3 h * by η(X, Y, Z) = s −1 ([X, Y ], Z) for X, Y, Z ∈ h. This corresponds to an invariant closed 3-form on H (the characteristic class of the corresponding exact Courant algebroid). In particular, if h is also Lagrangian, then η = 0 and the Courant groupoid over H is just TH. In this case h becomes a Lie bialgebra and the multiplicative Dirac structure A ⊂ TH just describes the corresponding Poisson Lie structure on H.
More generally, in [39] C. Ortiz classified all multiplicative Dirac structures A ⊂ TH (not simply the ones for which TH/A becomes a Lie group). G big . Furthermore, if Γ is a Lie groupoid, then it follows from § 2.5 that a compatible Hamiltonian quasi-symplectic g-structure on Γ is equivalent to a full morphism of MP-groupoids
The latter is equivalent to a full morphism of multiplicative Manin pairs (TΓ, T Γ) (A G , E G ).
Next consider the Manin triple (Q(g), R[2] ⊕ g [1] , g ⊕ R[−1]). The Lie bialgebra structure on R[2]⊕g [1] it defines corresponds to an MP-algebra structure. R [2] ⊕g [1] integrates to the MP-group G small corresponding the the multiplicative Manin pair (d = g ⊕ḡ, diag(g)) from Example 10. The theory in § 2.3 then shows that a quasiPoisson g structure on a manifold M corresponds to a morphism of MP-manifolds
The latter is equivalent to a morphism of Manin pairs (34) (TM, T M ) (d, diag(g)).
More generally, Remark 20 states that a quasi-Poisson g-bialgebroid structure on a vector bundle A is equivalent to a MP manifold P → A * [1] together with a morphism P G small , i.e. to a morphism of Manin pairs (35) (E, A) (d, diag(g)).
We may identify g • K with h * using the quadratic form on f. Then K ⊂ d ⊕f = g +ḡ + h + h * can be written as (42) K = {(ξ, ξ, ρ(ξ), 0) ∈ g +ḡ + h + h * } + {(ρ * (x), 0, 0, x) ∈ g +ḡ + h + h * },
where ρ : g → h is a Lie algebra morphism. On the other hand, suppose that (f, h ⊂ f, h * ⊂ f, ρ : g → h) is a quadruple satisfying the assumptions. Then (42) Suppose Γ ⇒ M is a Lie groupoid. Then applying the tangent functor, we get a VB-groupoid T Γ ⇒ T M .
[32, Proposition 11.2.5] states that if V → Γ is a VB-groupoid, then V * → Γ naturally inherits the structure of a VB-groupoid. Briefly, if (Grm) (f,g,g) is the fibre of the graph of the multiplication for V at the point (f, g, h) ∈ Gr m , then ∀(u, v, w) ∈ (Grm) (f,g,h) } is the fibre of the graph of the multiplication for V * at the point (f, g, h). Meanwhile, if g ∈ i(M ) ⊂ Γ is an identity element, andĩ(E g ) ⊂ V g is the fibre of the identity elements of V over g, theñ i(E g ) ⊥ = {α ∈ V * g | α(v) = 0 ∀v ∈ĩ(E g )} is the fibre of the identity elements of V * over g. With this structure V * is called the dual VB-groupoid.
Consequently T * Γ also has the structure of a VB-groupoid.
Remark 34 (Technical note). The Theorems in [32, § 11.2] assume that the "double source condition" is satisfied for the VB-groupoids involved. That is to say if (43) is a VB-groupoid, then the "double source map" (45) (q,s) : V → Γ × s,q E is a surjective submersion. In order to apply these theorems to the VB-groupoids used in our paper, we need the following lemma. Proof. We begin by showing that (45) is surjective. View Γ as the zero section of the vector bundle V → Γ, and let g ∈ Γ. The vector space T g V decomposes into directions tangent to the fibres and directions tangent to the zero section, namely
Similarly T s(g) E has a natural decomposition
Sinces is a morphism of vector bundles, T gs decomposes as the direct sum
However V was assumed to be a Lie groupoid, hences is a surjective submersion, and consequentlys| g : V g → E s(g) is surjective. It follows that (45) is surjective.
To show that (45) is also a submersion, apply the previous argument to
